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Abstract

In this note, we prove various properties of Radamacher complexities. We also present bounds
for Radamacher complexity of various hypothesis classes.

1 Radamacher Complexity

The empirical Radamacher complexity of a class of real-valued functions F , given the set of instances
{x1, . . . ,xn} is defined as

RS(F) := Eσ1,...,σn

[
sup
f∈F

n∑
i=1

σif(xi)
]
.

We define the (population) Radamacher complexity of class F as

Rn(F) = Ex1,...,xn

[
Eσ1,...,σn

[
sup
f∈F

n∑
i=1

σif(xi)
]]
.

We also define a absolute valued Radamacher complexity of class F as

R̃n(F) = Ex1,...,xn

[
Eσ1,...,σn

[
sup
f∈F

∣∣∣ n∑
i=1

σif(xi)
∣∣∣]].

2 Basic Properties of Radamacher Complexity

In this section, we will prove several basic properties of Radamacher complexity. Let F and G be arbitrary
hypothesis classes.

Theorem 1. Let F ⊆ G, then Rn(F) ≤ Rn(G).

Proof. For any fixed σ, we have

sup
f∈F

1

n

n∑
i=1

σif(xi) ≤ sup
g∈G

1

n

n∑
i=1

σig(xi),

because F ⊆ G. Hence

Rn(F) = Eσ

[
sup
f∈F

1

n

n∑
i=1

σif(xi)
]
≤ Eσ

[
sup
g∈G

1

n

n∑
i=1

σig(xi)
]
= Rn(G).

which concludes the proof.

Theorem 2. For any α ∈ R, Rn(αF) = |α|Rn(F).

Proof. The proof follows easily from the definition

Rn(αF) = Eσ

[
sup
f∈F

1

n

n∑
i=1

σiαf(xi)
]
= |α| Eσ

[
sup
f∈F

1

n

n∑
i=1

σif(xi)
]
= |α|Rn(F).

the second equality follows from the fact that −σi and σi have the same distribution.
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Theorem 3. Rn(F) = Rn

(
conv(F)

)
.

Proof. Based on theorem (1), we have Rn(F) ≤ Rn(conv
(
F)

)
. Based on the definition of Radamacher

complexity,

Rn

(
conv(F)

)
= Eσ

[
sup

f∈conv(F)

1

n

n∑
i=1

σif(xi)
]

= Eσ

[
sup

fj∈F,
∑

αi=1

1

n

n∑
i=1

σi

∑
j

αjfj(xi)
]
.

The maximum of a linear program occurs at a corner point. Hence

Eσ

[
sup

fj∈F,
∑

αi=1

1

n

n∑
i=1

σi

∑
j

αjfj(xi)
]
= Eσ

[
sup
fk∈F

1

n

n∑
i=1

σifk(xi)
]
= R(F),

which concludes the proof.

Theorem 4. Rn(F + G) ≤ Rn(F) +Rn(G).

Proof. Using the basic property sup(a+ b) ≤ sup(a) + sup(b), we can write

Rn(F + G) = Eσ

[
sup

h∈F+G

1

n

n∑
i=1

σih(xi)
]

= Eσ

[
sup

f∈F, g∈G

1

n

n∑
i=1

σi

(
f(xi) + g(xi)

)]
≤ Eσ

[
sup
f∈F

1

n

n∑
i=1

σif(xi)
)]

+ Eσ

[
sup
f∈G

1

n

n∑
i=1

σig(xi)
)]

= Rn(F) +Rn(G).

This property is indeed tight!

Theorem 5. R̃n(F + {g}) ≤ R̃n(F) + ||g||∞√
n

.

Proof. Based on the definition of Radamacher complexity:

R̃n

(
F + {g}

)
= Eσ

[
sup

h∈F+{g}

∣∣∣ 1
n

n∑
i=1

σih(xi)
∣∣∣]

= Eσ

[
sup
f∈F

∣∣∣ 1
n

n∑
i=1

σi

(
f(xi) + g(xi)

)∣∣∣]
≤ Eσ

[
sup
f∈F

∣∣∣ 1
n

n∑
i=1

σif(xi)
∣∣∣]+ Eσ

[∣∣∣ 1
n

n∑
i=1

σig(xi)
∣∣∣] (Triangle Inequality)

= Rn(F) + Eσ

∣∣∣ 1
n

n∑
i=1

σig(xi)
∣∣∣

≤ Rn(F) +
1

n

√√√√Eσ

∣∣∣ n∑
i=1

σig(xi)
∣∣∣2 (Jensen’s Inequality)

= Rn(F) +

√√√√Eσ

[ n∑
i=1

σ2
i g

2(xi) +
∑
i̸=j

σiσjg(xi)g(xj)
]

= Rn(F) +

√√√√Eσ

n∑
i=1

σ2
i g

2(xi) ≤ Rn(F) +
||g||∞√

n
.

Which concludes the proof.
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3 Complexity of Unit Balls

Let F = {x → ⟨θ,x⟩ | θ ∈ Θ} be a hypothesis class. In this section, we will bound the Radamacher
complexity of F for different choices of Θ.

3.1 L2 Ball

Assume that Θ = {θ ∈ Rn | ||θ||2 ≤ r} and let S = {x1,x2, . . . ,xn} be the sample points. We can write
the following chain of inequalities for the empirical Radamacher complexity.

RS(F) = Eσ

[
sup

||θ||2≤r

1

n

n∑
i=1

σi⟨xi,θ⟩
]
=

1

n
Eσ

[
sup

||θ||2≤r

〈 n∑
i=1

σixi,θ
〉]

≤ 1

n
Eσ

[
sup

||θ||2≤r

∣∣∣∣ n∑
i=1

σixi

∣∣∣∣
2

∣∣∣∣θ∣∣∣∣
2

]
(Cauchy-Schwartz)

≤ r

n
Eσ

[∣∣∣∣ n∑
i=1

σixi

∣∣∣∣
2

]
=

r

n
Eσ

[∣∣∣∣ n∑
i=1

(σixi1, . . . , σixid)
⊤∣∣∣∣

2

]

=
r

n
Eσ

[√√√√ d∑
j=1

( n∑
i=1

σixij

)2
]

≤ r

n

√√√√ d∑
j=1

Eσ

( n∑
i=1

σixij

)2

(Jensen’s Inequality)

≤ r

n

√√√√dmax
j

[
Eσ

( n∑
i=1

σixij

)2]
≤ r

n

√
dnb2 =

rb
√
d√
n

.

3.2 L1 Ball

Now, consider Θ = {θ ∈ Rn
∣∣ ||θ||1 ≤ r}. The empirical Radamacher complexity can be bounded from

above as follows:

RS(F) = Eσ

[
sup

||θ||1≤r

1

n

n∑
i=1

σi⟨xi,θ⟩
]
=

1

n
Eσ

[
sup

||θ||1≤r

〈 n∑
i=1

σixi,θ
〉]

≤ 1

n
Eσ

[
sup

||θ||1≤r

∣∣∣∣ n∑
i=1

σixi

∣∣∣∣
∞

∣∣∣∣θ∣∣∣∣
1

]
≤ r

n
Eσ

[ ∣∣∣∣ n∑
i=1

σixi

∣∣∣∣
∞

]
≤ r

n
Eσ

[
max
j∈[d]

n∑
i=1

σixij︸ ︷︷ ︸
Hj

]
,

where the for to prove the last inequalty, we used Hölder. The term Eσ

[
maxj∈[d](Hj)

]
can be bounded

from above by b
√

2 log(d) using Massart’s Lemma [MRT19]:

exp
(
λEmax

j∈[d]

n∑
i=1

σixij

)
≤ E

[
exp

(
λEmax

j∈[d]

n∑
i=1

σixij

)]
(Jensen’s Inequality)

≤ E
[
max
j∈[d]

exp
(
λ

n∑
i=1

σixij

)]
≤ E

[ d∑
j=1

exp
(
λ

n∑
i=1

σixij

)]

≤
d∑

j=1

n∏
i=1

Eeλσixij =

d∑
j=1

n∏
i=1

[1
2
eλxij +

1

2
e−λxij

]

=

d∑
j=1

n∏
i=1

eλx
2
ij/2 ≤ d exp

(λ2b2

2

)
.

3



By optimizing λ, we can conclude that Eσ

[
maxj∈[d]

∑n
i=1 σixij

]
≤ b

√
2 log(d). Thus

RS(F) ≤
rb
√
2 log(d)√
n

.
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