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Abstract

In this note, we prove various properties of Radamacher complexities. We also present bounds
for Radamacher complexity of various hypothesis classes.

1 Radamacher Complexity

The empirical Radamacher complexity of a class of real-valued functions F, given the set of instances
{X1,...,%p} is defined as

Rs(F) :=Eq,,. 0, bggZaif(xi)].
=1

We define the (population) Radamacher complexity of class F as

n

Rn(F) =Ex,.. x, [Egh om [?EE‘Z oif XZ):H

We also define a absolute valued Radamacher complexity of class F as

2 Basic Properties of Radamacher Complexity

In this section, we will prove several basic properties of Radamacher complexity. Let F and G be arbitrary
hypothesis classes.

Theorem 1. Let F C G, then R, (F) < R,(G).

Proof. For any fixed o, we have

sup — Zol x;) <sup Zalg X;),

feF iz

because F C G. Hence

Rn(F) =E, [Sup Zsz (xi) ] < Es [sup Zazg (x;) } =R,(G).

fej:nz 1

which concludes the proof. O
Theorem 2. For any o € R, R, (aF) = |a|Rn(F).

Proof. The proof follows easily from the definition

1 n
Ry, (aF) = [;gg Za,af xi)| = lal B sup - > 0 (x5)] = o Ru(F).
the second equality follows from the fact that —o; and o; have the same distribution. O



Theorem 3. R, (F) =R, (conv(F)).

Proof. Based on theorem (1), we have R, (F) < R, (conv(F)). Based on the definition of Radamacher
complexity,

Rn (conv(f)) =Eq, { sup Zsz X; ]

fEconv(F
= Ea[ sup - o; a; f; (Xz)}

The maximum of a linear program occurs at a corner point. Hence
Eo’[ sup g; Q; f Xz :| = a'|: sup — Jifk Xz :| :R(‘F)a

fJEJ: Zab_lnz_; ; 377 ke}- Z
which concludes the proof. O
Theorem 4. R, (F +G) < Ry (F) + Rn(G).
Proof. Using the basic property sup(a + b) < sup(a) + sup(b), we can write

Ru(F+G)=Es [ sup o;h xl]

( ) “heF+g M ;

- 1 n
=Es,| sup fZai(f(xi) +g(xi))]

L fEF, gegni 1
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SE [ 7 :|+E |: - 3 i :|
o | sup — Za X; - ;‘égn;"g(x))

-fefn
=Rn(F) +Rn(g).

This property is indeed tight! O

Theorem 5. 75,1(]—'4r {g}) < Ru(F) + oo

Proof. Based on the definition of Radamacher complexity:
R F+{g9}) =Eo| sup ‘7 oih(x;

( ) |: heF+{g} Z ]

Ea{sup lz i(f(Xi)-Fg(Xi))H
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72 Eo[|- > oiglxs)]| Triangle Inequalit
[;1615_ o f(x;) } + - 2_Zlag(xz) (Triangle Inequality)

F)+ Eo“ﬁ ZUig(Xi)
i=1
1 - 2
< Ru(F) + n\l Ea’ > oig(xi)
=1

(Jensen’s Inequality)

=R (F) + [Zag X; +Zazajg X;)g XJ)}
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Which concludes the proof. O



3 Complexity of Unit Balls

Let F = {x — (0,x) | 8 € O} be a hypothesis class. In this section, we will bound the Radamacher
complexity of F for different choices of O.

3.1 L, Ball

Assume that © = {0 € R" | ||6]]2 < r} and let S = {x1,X3,...,X,} be the sample points. We can write
the following chain of inequalities for the empirical Radamacher complexity.

n n

1 1
Rs(F) :Ea{llestlfirniz_;di(xi,ﬂ)} = EEU{IIOS\EPST ;aixi,aﬂ
< %E {Hes‘t‘zp H;‘sz%H 6]| } (Cauchy-Schwartz)
< LB (|| oill,] = [HZ o, 0izia) ||,
i=1

(Jensen’s Inequality)
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3.2 L1 Ball

Now, consider © = {6 € R" | [|6]|; < r}. The empirical Radamacher complexity can be bounded from
above as follows:

IN

n n

Re(F) = Eaf sy - ;Mxv“’ﬂ = Ee[ s (3 om0)]
< 3o [ s (Il Jlol] < 2o 13 ooxl] < 28| s> ]
H;j

where the for to prove the last inequalty, we used Holder. The term E, [maxje[d](H j)} can be bounded
from above by by/2log(d) using Massart’s Lemma [MRTT19]:

exp ()\IE gréa[giz Ulajm) <E {exp )\E ?éaé]{z 0iTij } (Jensen’s Inequality)
max e )\ L7 }
< B[ maxexp ( Z ity

E[Zexp ()\Zgixij)}
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By optimizing A\, we can conclude that E, {maxje[d] S cr,'xij} < by/2log(d). Thus

Rs(F) < V2 108ld) f/lgg(d).
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